We consider the problem of phase retrieval for classical and quantum wave fields that obey a wide class of nonlinear wave equations. This problem is tackled by means of a suitable generalization of existing methods based on the linear transport-of-intensity equation. The extension of these ideas to systems of coupled nonlinear wave equations is also given. © 2002 Optical Society of America OCIS codes: 050.1940, 060.4370, 070.4340, 100.3190, 100.5070, 120.5050. There has been much recent work on the development of phase-retrieval methods based on the evolution of intensity or probability density as a wave propagates in free space.
There has been much recent work on the development of phase-retrieval methods based on the evolution of intensity or probability density as a wave propagates in free space. 1 Such propagation-based phase measurement schemes assume that the wave obeys a linear paraxial equation. However, the novel new forms of wave f ield produced by continuous-wave atom lasers extracted from Bose-Einstein condensates 2 obey nonlinear equations, and one is naturally interested in determining the phase of these waves. 3, 4 Here we explore the possibility of propagation-based phase measurement of waves that obey a wide class of nonlinear equations.
The homogeneous Helmholtz equation is obeyed by both monochromatic scalar electromagnetic waves and stationary-state solutions to the free-space Schrödinger equation. This equation implies the following transport equation for the current (Poynting vector or probability current):
where I is the intensity of the scalar electromagnetic wave or the probability density of the wave function, F is its phase, r is a position vector, and = is the gradient operator in three dimensions.
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(Henceforth we shall use the term "intensity" to refer to both intensity and probability density and shall drop the explicit functional dependence of I and F on r.) If the phase is continuous and the intensity distribution is known, Eq. (1) can be solved for the phase. 6 In the paraxial approximation, the homogeneous Helmholtz equation reduces to the linear paraxial equation µ
and Eq. (1) reduces to the transport-of-intensity equation
where k 2p͞l, l is the radiation wavelength, and = Ќ is the two-dimensional gradient operator acting in the plane perpendicular to nominal direction z of radiation propagation. Equation (3) has been used in a number of experiments as the basis for phase recovery of both classical and quantum wave fields.
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Given measurements of both I ͑x, y, z͒ and ≠I ͑x, y, z͒͞≠z over some plane z z 0 , this equation may be uniquely solved for the phase F͑x, y, z 0 ͒, provided that the phase is continuous over the plane z z 0 and that appropriate boundary conditions are provided. 8 Signif icantly, when it is viewed appropriately, 5, 6 phase retrieval by use of transport-of-intensity equation (3) has rather lax requirements for coherence of the radiation. 6 In view of the many successes of the theory of transport-of-intensity equation phase retrieval with waves that obey linear paraxial equation (2), it is natural to inquire whether an appropriate generalization of these methods may be applicable to the imaging of paraxial beams that obey nonlinear equations. Such a consideration is particularly timely in light of the recent achievement of coherent continuous-wave beams from an atom laser. 2 Rather than dealing with particular nonlinear equations, we address this question from a rather general perspective.
Consider the following nonlinear second-order partial differential equation (nonlinear Schrödinger
which describes a complex function c of two perpendicular spatial coordinates ͑x, y͒ and one evolution parameter z, typically propagation distance or time, where a and g are real numbers, b is a complex number, and f and g are both real functions of a real variable. Equation (4) has a number of well-known special cases, which include (i) free-space paraxial Eq. (2), 7 which is valid for both weakly expanding free-space monochromatic scalar electromagnetic waves and weakly expanding solutions to the free-space time-independent Schrödinger equation; (ii) the generalized nonlinear parabolic equation that describes weakly expanding monochromatic scalar electromagnetic waves in nonlinear refractive media, which is widely used in the study of solitons 9 ; and (iii) the time-independent paraxial nonlinear Schrödinger equation, 10 which is applicable to the coherent atomic waves emerging from an atom laser with continuous output.
To obtain an expression for the relationship between the propagation of intensity and the phase 0146-9592/02/080622-03$15.00/0distribution for complex scalar wave fields that obey Eq. (4) we write c in the form
substitute it into Eq. (4), cancel a common factor, and then separate the result into real and imaginary parts. The imaginary part, which we call the nonlinear transport-of-intensity equation, is
For waves that obey Eq. (4), Eq. (6) is the desired generalization of linear transport-of-intensity equation (3) . Despite the fact that the wave equation from which it was derived is nonlinear at the level of both the wave function c and the wave function phase F, nonlinear transport-of-intensity equation (6) 
Assuming that a, b, g, and g are known, all quantities on the right-hand side of Eq. (6) either are measurable or exist as prior knowledge. Now consider Fig. 1 , which depicts a beamlike solution c p I exp͑iF͒ to nonlinear equation (4), where z is the nominal direction of radiation propagation. Surfaces of constant phase are shown in gray, whereas the black arrows schematically denote streamlines of the f low along every point of which =F is a tangent vector. We wish to measure the intensity over the two planes marked A and C; we denote these measurements I A and I C , respectively. Intensity I B over plane B is estimated by I B ഠ ͑I A 1 I C ͒͞2, and intensity derivative ≠I B ͞≠z is estimated by ≠I B ͞≠z ഠ ͑I C 2 I A ͒͞D. Equipped with these estimates, we can calculate the right-hand side of Eq. (6) and are thereby led to the possibility of solving this equation for the phase F over the plane of interest, B, given both I B and ≠I B ͞≠z.
Regarding the uniqueness of the solution to Eq. (6), we separately consider Dirichlet and Neumann boundary conditions on the phase, followed by a certain class of intensity constraint. (a) Dirichlet boundary conditions (i.e., phase known over the boundary of the region of interest). One may trivially generalize the argument given by Gureyev et al. 8 by making use of the same classic result from the theory of elliptic partial differential equations. 11 This result states that, for any smooth right-hand side of Eq. (6) and smooth Dirichlet boundary conditions F ≠V on the phase F over smooth boundary ≠V of some simply connected and bounded two-dimensional domain V, there exists a unique smooth solution 
This requirement is merely a demand for the conservation of energy and so will always be met for beamlike solutions to Eq. (4). In the context of the Neumann problem we note that existing methods for noninterferometrically determining the Neumann boundary conditions for the linear paraxial equation (see Ref. 12 and references therein) may be trivially generalized to the case of nonlinear equation (6). (c) Intensity constraint. We generalize an argument of Gureyev and Nugent 13 in the consideration of a certain intensity constraint that is particularly suited to beamlike solutions of Eq. (4). This constraint demands that I . 0 in some simply connected and bounded domain V and that I 0 on the boundary of that domain. If we assume that there exist two distinct solutions, F 1 and F 2 , to Eq. (6), then subtraction of the nonlinear transport-of-intensity equations for F 1 and F 2 leads to
The same equation was written by Gureyev and Nugent 13 in the context of two different solutions, F 1 and F 2 , to linear transport-of-intensity equation (3); their conclusions based on this equation may therefore be appropriated for our purposes. Gureyev and Nugent showed, in Eq. (6) of their paper, 13 that nonclassic boundary condition I ≠V 0 implies that F 1 2 F 2 is a constant, and thus that the retrieved phase is unique up to an arbitrary and irrelevant constant in the absence of any separate boundary conditions on the phase. Having given proper consideration to the question of uniqueness, we note that any of the many existing numerical methods of solving Eq. (3) for F are adaptable to obtaining F by solving nonlinear transport-of-intensity equation (6) , given measurements of the intensity and intensity derivative together with knowledge of the appropriate boundary conditions. [The only difference, from a numerical point of view, is a trivial difference on the right-hand sides of Eqs. (3) and (6) .] Such methods include one based on decomposition of the phase into a weighted sum of Zernike or other orthogonal polynomials 12, 13 together with rapid algorithms based on the fast Fourier transform 5, 14 or the multigrid approach. 15, 16 Our considerations generalize to the case of coupled nonlinear equations. They have particular relevance to atom lasers created from multicomponent Bose-Einstein condensates, 17 together with the propagation of polarized light in an isotropic Kerr medium. 9 To this end, consider the following set of M coupled nonlinear Schrödinger equations 18 : (
Writing out multicomponent wave function c m in Eq. (9) in terms of its intensity I m and phase F m as c m p I m exp͑iF m ͒, canceling a common factor, and then taking the imaginary part leads to the relevant set of nonlinear transport-of-intensity equations:
This set of equations is both linear and uncoupled at the level of the wave function phases F m . One can measure both intensity I m and intensity derivative ≠I m ͞≠z for each component 19 and so, assuming that the equations are known, deduce all quantities on the right-hand side of Eq. (10) . Noting that the uniqueness proofs given above are also applicable to Eq. (10), we see that the phase F m of each component of the multicomponent wave function may be determined by use of any of the numerical algorithms described in the previous paragraph.
All the existing numerical methods for phase retrieval that we have cited so far will fail when vortices (i.e., screw dislocations) are present in the phase distribution. An extensive study of this failure, together with a phase-retrieval method that is able to cope with the existence of vortices, is given in some recent papers by Allen and co-workers. 20 -22 This method is readily generalized to the case of nonlinear equations and will form the subject of a future work.
